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Unlikely existence of k−1x spectral law in wall turbulence: an observation of
the atmospheric surface layer
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For wall turbulence, there has been predicted a range of streamwise wavenumbers kx such that the spectral
density of streamwise velocity fluctuations is proportional to k−1x . The existence or nonexistence of this k
−1
x
law is examined here. We observe the atmospheric surface layer over several months, select suitable data, and
use them to synthesize the energy spectrum that would represent wall turbulence at a very high Reynolds
number. The result is not consistent with the k−1x law. It is rather consistent with a recent correction to the
prediction of a model of energy-containing eddies that are attached to the wall. The reason for these findings
is discussed mathematically.
I. INTRODUCTION
Despite being fundamental to any turbulent flow, the
overall shape of the energy spectrum is still controversial.
This is true even for representative flows. Among them,
we study the case of wall turbulence of an incompressible
fluid, e.g., a boundary layer over a flat surface or a flow
within a pipe.
To be specific, the x–y plane is taken at the wall. The x
axis is aligned with the mean stream. While U(z) denotes
the mean velocity at a distance z from the wall, u(z) and
w(z) denote velocity fluctuations in the streamwise and
wall-normal directions. The wall turbulence is assumed
to be homogeneous in the x and y directions. Its total
thickness δ remains some constant. We also assume that
the turbulence is stationary.
Asymptotically in the limit of high Reynolds number,
wall turbulence has a sublayer at z/δ → 0 such that its
momentum flux ρ〈−uw〉 takes a constant value of ρu2
∗
.
Here ρ is the mass density, u∗ is the friction velocity, and
〈·〉 denotes an average. This constant-flux sublayer is just
where U varies logarithmically with z.1,2 At a finite but
sufficiently high Reynolds number, it yet serves as a good
approximation for a finite range of distances z.
The energy spectra in the constant-flux sublayer have
been modelled by Perry and his collaborators.3,4 As for
the spectral density of streamwise velocity fluctuations
Φu(kx, z) at a streamwise wavenumber kx, it is assumed
that low-wavenumber modes are determined by kx, δ,
and u∗ whereas high-wavenumber modes are determined
by kx, z, and u∗. These two are assumed to overlap from
kx = a1/δ to a2/z. Here a1 and a2 are constants of O(1).
By ignoring the highest wavenumbers at which the fluid
viscosity ν is also important,3
Φu(kx, z) =


u2
∗
kx
fu(kxδ) at kx <
a1
δ
,
cuu
2
∗
kx
at
a1
δ
≤ kx <
a2
z
,
u2
∗
kx
gu(kxz) at
a2
z
≤ kx.
(1a)
While fu and gu are functions, cu is a constant. The law
of Φu ∝ u
2
∗
/kx in that overlapping range from kx = a1/δ
to a2/z is known as the k
−1
x law.
5
This k−1x law is not allowed for the spectral density of
wall-normal velocity fluctuations Φw(kx, z).
4 It has to be
in the functional form of
Φw(kx, z) =
u2
∗
kx
gw(kxz). (1b)
Since w is blocked by the wall, w at this distance z is due
only to eddies of wall-normal sizes of O(z). There is no
mode that reflects the total thickness δ.
By integrating Φu(kx, z) and Φw(kx, z) in Eq. (1) over
the whole range of wavenumbers kx, the variances 〈u
2(z)〉
and 〈w2(z)〉 are derived respectively as3,4
〈u2(z)〉
u2
∗
= bu + cu ln
(
δ
z
)
, (2a)
with bu =
∫
∞
a2
s−1gu(s)ds + cu ln(a2/a1) +
∫ a1
0 s
−1fu(s)ds
and
〈w2(z)〉
u2
∗
= bw, (2b)
with bw =
∫
∞
0 s
−1gw(s)ds. For 〈u
2〉 in Eq. (2a), the k−1x
law of Eq. (1a) has led to the logarithmic factor ln(δ/z).
With an increase in the ratio δ/z, the overlapping range
from kx = a1/δ to a2/z is increasingly broad and energy-
containing. The variance 〈u2〉 is increasingly large.
The logarithmic law of Eq. (2a) has been established
recently by means of laboratory experiments and field
observations.6–8 Its constant cu appears to take a com-
mon value of about 1.3.6–12
However, the k−1x law itself has not been established so
far. To derive Eq. (2a), another model is known, i.e., the
attached-eddy hypothesis of Townsend.13 Here, energy-
containing motions of wall turbulence are attributed to a
random superposition of eddies that are attached to the
wall, are of various finite sizes, and have some common
shape with the same characteristic velocity u∗. Although
they had been expected to lead to the k−1x law,
4 such an
expectation is not correct.14 For the attached eddies, the
mathematically correct form of Φu is
Φu(kx, z) =
u2
∗
kx
[
gu:1(kxz) + ln
(
δ
z
)
gu:2(kxz)
]
. (3)
2FIG. 1. Schematic of the premultiplied spectrum kxΦu/u
2
∗
in
Eqs. (1a) and (3) as a function of kxz. The arrows indicate
increasing δ/z. As for Eq. (3), the dotted lines denote the
functions gu:1 and gu:2.
At any of kx, Eq. (3) depends on δ. The largest eddies of
a finite streamwise size of ∝ δ affect all the wavenumbers
kx, since any spatial fluctuations and their Fourier trans-
forms do not simultaneously have compact supports,15,16
i.e., finite ranges only where the function is nonzero (see
Sec. VIA). With an increase in the ratio δ/z, the factor
ln(δ/z) in Eq. (3) is increasingly important. The variance
〈u2〉 is increasingly large, with bu =
∫
∞
0 s
−1gu:1(s)ds and
cu =
∫
∞
0 s
−1gu:2(s)ds as for Eq. (2a). On the other hand,
the form of Φw is the same as in Eq. (1b).
14
Thus, it is required to examine the very shape of the
energy spectrum in a laboratory experiment or in a field
observation. Any direct numerical simulation is not con-
sidered here, since its Reynolds number is still not high
enough to reproduce the logarithmic law of Eq. (2a).17
Following the recent studies,18–25 we focus on the pre-
multiplied spectrum kxΦu so that the k
−1
x law of Eq. (1a)
would show up as a plateau from kx = a1/δ to a2/z as
sketched in Fig. 1.
Even in recent experiments of pipe flows and boundary
layers at high Reynolds numbers, while 〈u2〉 is logarith-
mic over distances z from the wall,6,8,10 the existence of
the k−1x law remains controversial at those distances.
18–20
Instead of an exact plateau of kxΦu/u
2
∗
= cu ≃ 1.3, there
is a peak at kxz ≃ several times 10
−2. With an increase
in the ratio δ/z, the peak is increasingly high as expected
rather in Eq. (3) that has been derived from the attached-
eddy hypothesis (see Fig. 1).
The plateau of kxΦu is yet found in some observations
of the atmospheric surface layer,23–25 i.e., the constant-
flux sublayer of the atmosphere at z . 100m where the
Reynolds number is higher and the ratio δ/z is larger
than those in the existing experiments.2 Another obser-
vation has captured the k−1x law of Φu over more than a
decade and a half in wavenumber kx.
26
These features are not found in other observations.21,22
For each of such field observations,21–26 the shape of Φu
is unlikely to have converged in a statistical sense.22,23
Their durations are not long, i.e., 30 to 90min, even un-
der a mean wind velocity of only a few times 100ms−1.
It is not avoidable in the atmospheric surface layer. Over
a longer duration, the mean wind velocity and the mean
wind direction would vary largely.
We are to obtain a representative shape of the premul-
tiplied spectrum kxΦu in the atmospheric surface layer.
The observation had been continued over several months
(Sec. II), from which we select data that are suited to our
study (Sec. III). On the basis of the same assumption as
for the k−1x law of Eq. (1a), these data are used to synthe-
size the spectral density Φu at each kx (Sec. IV). Having
found that the resultant shape of kxΦu is not consistent
with the k−1x law (Sec. V), we discuss the mathematical
reason and so on in Secs. VI and VII.
II. OBSERVATION
The observation had been continued from 1 December
2016 to 10 April 2017 and from 21 November 2017 to 31
March 2018 at a flat grass field within the Meteorological
Research Institute (36.055◦N, 140.123◦E). This field is
200m in the north-south direction and 100m in the west-
east direction. As shown in Fig. 2(a), the grass was dry
and had been cut to heights of . 50mm just before each
of the two observing periods.
Because of woods lying along the western border of the
observing field (Fig. 2), we are to study cases of north
winds that were prevailing during those two periods. Up
to a windward distance of 100m from the northern bor-
der, the surface condition remains almost the same. From
100 to 300m, there lie occasional trees with heights of
. 10m. Beyond 300m, a wooded area continues.
These conditions are not optimal. Nevertheless, since
the field is within our institute, we were able to maintain
continuously the measuring devices. Such a maintenance
is crucial to any long observation. In addition, the field is
adjacent to an observing site of the Japan Meteorological
Agency. Its routine observations are used in Secs. III and
VID to select and justify our data.
FIG. 2. (a) Southeast view of the anemometer. On its left,
there is a mast equipped with a reference thermometer. (b)
Top-view schematic of the site. The gray areas denote obsta-
cles such as woods, huts, and measuring devices.
3To measure the wind, we installed a triaxial ultrasonic
anemometer (Campbell, CSAT3), pointed to the north,
at the center of the observing field (Fig. 2). The height
from the surface was z = 1.75m. It is low enough to have
a large value of δ/z and is high enough to be not affected
directly by the surface roughness (see Sec. III). With
a spatial resolution of 100mm in the vertical direction
and 58mm in the horizontal direction, this anemometer
measures all the three components of the wind velocity
along with the average Θ and fluctuations θ of the air
temperature. The measurement errors are . 2% under
conditions such as of ours.
The data are made of many subsets. For each of them,
the duration was 30min. The sampling frequency fs was
10Hz. Out of the resultant 18,000 records per quantity,
214 = 16, 384 records from the first are to be used in the
following calculations.
III. DATA SELECTION
Before selecting data that are suited to our study, the
mean wind direction is determined in each of the data
subsets as
α = tan−1
(
〈vwe〉
〈vns〉
)
. (4a)
Here vwe and vns are instantaneous velocities, measured
by the anemometer, in the west-east and in the north-
south directions. Then,(
U + u
v
)
=
(
cosα sinα
− sinα cosα
)(
vns
vwe
)
. (4b)
A similar conversion is applied to the vertical velocity w
such that its average is equal to 0. The friction velocity
u∗ is subsequently estimated as 〈−uw〉
1/2.
To avoid any effect of obstacles such as woods around
our observing field (Fig. 2), we only use subsets with the
mean wind direction α from −40◦ to +5◦, i.e., from the
northeast to the north-northwest directions. The mean
wind velocity U is limited to a range from 1.5 to 4.5m s−1
so that the final data would be as homogeneous as pos-
sible.
There are cases of precipitation, e.g., rain, which af-
fects turbulence in the atmosphere. We exclude them by
using routine data of the Aerological Observatory of the
Japan Meteorological Agency located at 500m from our
observing field.
We focus on the near-neutral cases that do not suffer
significantly from buoyancy due to a vertical variation of
the temperature Θ+θ. Since the Monin-Obukhov length
L∗ diverges in an exactly neutral case,
1,2 its value at our
observing height z = 1.75m is used to impose a criterion
that has to be satisfied by any of the data subsets studied
hereafter,∣∣∣∣ zL∗(z)
∣∣∣∣ < 0.1 for L∗(z) = u3∗Θ(z)κg〈−θw(z)〉 . (5a)
FIG. 3. Comparison of 〈u2〉 and 〈w2〉 with u2
∗
for 11 subsets of
our data used in Figs. 4 and 6 (open circles), 68 subsets used
in Fig. 4 but not in Fig. 6 (filled circles), and 156 subsets not
used in Figs. 4 and 6 (crosses). The lines indicate 〈u2〉/u2
∗
=
10.3± 1.3 (a) and 〈w2〉/u2
∗
= 1.3 and 1.8 (b).
While κ = 0.4 is the von Ka´rma´n constant, g is the local
gravitational acceleration. The threshold of 0.1 is from
the previous studies.22,23,27
To exclude cases where the wind direction is not sta-
tionary and has varied too largely, we impose a criterion
as27
〈(β − 〈β〉)2〉1/2 < 20◦ for β = tan−1
(
v
U + u
)
. (5b)
The minimum value of 〈(β−〈β〉)2〉1/2 reflects the strength
of the turbulence. It is about 14◦ in our data.
We also exclude cases that are not consistent with the
law of 〈w2〉/u2
∗
= bw in Eq. (2b). The experimental value
of bw lies between 1.3 and 1.8.
11,12,18 Although the reason
for such a discrepancy of bw is not yet known, it appears
comparable to uncertainties of bw in observations.
22,23 A
criterion is thereby imposed as
〈w2(z)〉
u2
∗
< 1.8. (5c)
The excluded cases are likely where the wind velocity has
varied too largely or the flow has been affected by some
obstacle lying in the windward direction.
Thus, 79 subsets have been selected as a homogeneous
sample of turbulence that is stationary, is near-neutral
4at least at the observing height of z = 1.75m, and does
not suffer from precipitation or from any obstacle (see
also Sec. VIC). While the viscosity ν is from 1.31×10−5
to 1.44× 10−5m2 s−1, the ratio 〈u2〉/U2 is from 0.061 to
0.118.
We compare 〈u2〉 and 〈w2〉 with u2
∗
in Fig. 3 (circles).
The values of 〈u2〉/u2
∗
are consistent with bu+ cu ln(δ/z)
in Eq. (2a) for δ = 1, 000m and z = 1.75m (solid line),
if uncertainties of our data are comparable to ±3σ errors
(dotted lines) for bu = 2.30±0.18 and cu = 1.26±0.06 in
a laboratory boundary layer.7 Our estimate δ = 1, 000m
is a value typical of the total thickness of the near-neutral
atmospheric boundary layer, δ ≃ 0.3u∗/|fC| for the Cori-
olis parameter fC = 1.46× 10
−4 sinϕ in units of rad s−1
at the latitude ϕ.2,23 This is analogous to δ99 in a labo-
ratory boundary layer, i.e., a distance at which U is 99%
of its free-stream value (see Sec. VID).
There are 156 subsets that have been excluded with use
of Eq. (5c). We also show them in Fig. 3 (crosses). Since
their values of 〈u2〉/u2
∗
and 〈w2〉/u2
∗
are simultaneously
enhanced, it is confirmed that Eq. (5c) has served as a
reliable criterion.
Finally, for the 79 subsets selected here, the logarith-
mic law of U(z) = (u∗/κ) ln(z/z0) is used to estimate the
aerodynamic roughness length z0 as 21±1mm. Through
a relation between the aerodynamic and the actual rough-
ness lengths,2 this estimate of z0 is consistent with the
grass height of our observing field, i.e., . 50mm (Sec. II).
Judging also from results in Fig. 3, the observing height
of z = 1.75m is certainly within the constant-flux sub-
layer.
IV. DATA SYNTHESIS
By using 79 subsets of our data selected in Sec. III, we
synthesize the energy spectra. Here and also in Sec. VIB,
statistics for the whole data are distinguished from those
for the individual subsets by numbering them as m = 1
to M (= 79).
To N = 214 records of X = u or w in the mth subset,
we apply cosine tapering of the edges of the 2×24 records.
Any de-trending is not applied because it might modify
the shape of the spectrum23 and because non-stationary
cases have been excluded in Sec. III. From those tapered
records, we obtain the Fourier transforms X˜(m) and the
spectral densities ΦX(m) ∝ |X˜(m)|
2.
We use Taylor’s hypothesis to convert the frequencies
into the wavenumbers, i.e., kx(m,n) = 2pifsn/NU(m) at
n = 1 to N/2. The mean velocity U(m) varies among
the subsets m in a range from 1.5 to 4.5m s−1 (Sec. III).
Since the sampling frequency fs is 10Hz and the distance
z is 1.75m (Sec. II), we have kx(m,n)z ≃ 4×10
−3 to 4×101
for U(m) = 1.5m s
−1 and kx(m,n)z ≃ 1× 10
−3 to 1× 101
for U(m) = 4.5m s
−1.
To synthesize the spectrum that would represent the
whole data, kxΦX(m)/u
2
∗(m) is averaged at each kxz over
the subsets fromm = 1 to M . This is in accordance with
Eqs. (1a) and (1b), where kxΦX/u
2
∗
depends only on kxz
at least at kx ≥ a1/δ. Although a1/δ(m) is not certain
and is not constant among the subsets m, our approach
is sufficient to examine the existence or nonexistence of
the k−1x law of Eq. (1a). If some other model were to be
examined, we might require a different approach.
The actual synthesis is as follows. Since the distance
z has been fixed at 1.75m, we consider the wavenumber
kx alone. If kx is not too high and is not too low, most
of the subsets have a pair of adjacent wavenumbers such
that kx(m,n) ≤ kx < kx(m,n+1). Through a linear interpo-
lation between ln[kx(m,n)] and ln[kx(m,n+1)], we calculate
kxΦX(m) at that wavenumber kx. Then, kxΦX(m)/u
2
∗(m)
is averaged over those subsets to estimate kxΦX/u
2
∗
. Its
uncertainty is estimated statistically from the variance of
kxΦX(m)/u
2
∗(m) in a standard manner.
V. RESULTS
The normalized densities of the premultiplied spectra
kxΦu/u
2
∗
and kxΦw/u
2
∗
are shown as a function of kxz
in Fig. 4. They represent wall turbulence at a Reynolds
number δu∗/ν ofO(10
7) and with the ratio δ/z of O(103)
if we take values from Sec. III. Compared with those in
FIG. 4. Premultiplied spectra kxΦu/u
2
∗
(a) and kxΦw/u
2
∗
(b)
as a function of kxz for 79 subsets of our data. The error
bars of ±1σ are also given (gray lines). An arrow indicates a
wavenumber for 2pi/kx = 1, 000m at z = 1.75m.
5the laboratory experiments,18–20 δu∗/ν and δ/z are both
enhanced by a factor of & 10.
Being in contrast to most observations of the atmo-
spheric surface layer,21–23,25–27 we have not smoothed the
spectra. They are noisy (see also Sec. VIB), but the over-
all shapes are evident.
First, we examine kxΦw in Fig. 4(b). As has been as-
sumed to derive Eq. (1b), kxΦw is significant at kxz & 10
0
and is not at kxz . 10
−1. These shape and magnitude of
kxΦw are close to those in the experiments
18 and in the
previous observations.22–25 We are hence able to rely on
our data.
Then, we examine kxΦu in Fig. 4(a). Its magnitude is
close to that of kxΦw at kxz & 10
0. With a decrease in
kxz, while kxΦw decreases, kxΦu increases still more. It
exhibits a broad peak at kxz ≃ several times 10
−2. This
wavenumber is yet higher than kx = 2pi/δ (arrow), i.e.,
kx for the total thickness of the near-neutral atmospheric
boundary layer δ = 1, 000m (Sec. III). Between kx ≃ δ
−1
and z−1, there is not found the k−1x law or the plateau of
kxΦu/u
2
∗
= cu. The peak value of kxΦu/u
2
∗
is larger than
cu ≃ 1.3, an estimate through Eq. (2a) from the variance
〈u2〉.6–12
Since Taylor’s hypothesis has been used in Sec. IV, its
effect is discussed here. Near the wall, low-wavenumber
modes are advected faster than the mean velocity U at
the observing distance z from the wall.28 These are due
to largest eddies. With wall-normal sizes comparable to
the turbulence thickness δ, their advection is determined
by some average of U over distances from z to δ.4,13 It is
possible that Taylor’s hypothesis has redistributed such
low-wavenumber modes into the higher wavenumbers and
has modified the shape of the peak of kxΦu in Fig. 4(a).
Nevertheless, the peak itself is certain to exist because
it is significant enough.19 The observed ratios of 〈u2〉/U2
are also not too large, i.e., . 0.1 (Sec. III), as a condition
for a use of Taylor’s hypothesis.
The existence of such a peak of kxΦu is consistent with
the well known existence of a minimum of kxΦu between
meteorological variations at lower wavenumbers and the
turbulence of the atmospheric boundary layer.29,30 Usu-
ally, this has been studied on the basis of the frequencies.
In a near-neutral and near-surface case,23 kxΦu is mini-
mal at several times 10−4Hz. It corresponds to kxz in-
between 10−3 and 10−2 if the mean velocity U is about
3m s−1 at our observing height of z = 1.75m.
Thus, our long observation does not support the k−1x
law found in some short observations.23–26 The shape of
kxΦu in Fig. 4(a) is rather close to those obtained from
experiments of boundary layers and pipe flows.18–20 In
each case, kxΦu exhibits a peak at kxz ≃ several times
10−2. Our peak is the highest. This result is explainable
by Eq. (3), a prediction of the attached-eddy hypothesis.
Its functional form is in accordance with the manner of
our data synthesis (see Sec. IV), through which its factor
ln(δ/z) could lead to a large value representative of the
atmospheric surface layer. The wavenumber of that peak
is reproduced if the function gu:2(kxz) is maximal there
(see Fig. 1). We also consider that the other function
gu:1(kxz) is maximal at kxz ≃ several times 10
−1, where
those experiments have captured a shoulder of kxΦu if
the ratio δ/z is not very large.18–20
VI. DISCUSSION
A. Reason for nonexistence of the k−1x law
To justify our result for nonexistence of the k−1x law,
the Fourier transform u˜(kx, z) of the velocity field of a
single eddy u(x, z) is studied at some distance z from the
wall. Since the total thickness of the wall turbulence δ
is finite, we assume that the streamwise size of this eddy
is finite and is up to O(δ) as in the case of the attached-
eddy hypothesis.13
From a mathematical theorem for compact supports in
Sec. I,15,16 it follows that u˜(kx, z) could be nonzero at any
of kx. To explain this, the eddy is assumed to have one
edge at x = 0 and the other at x > 0. At around x = 0,
the velocity field is described with use of an integer j ≥ 1
and of constants c0 6= 0, c1, c2, ... as
u(x, z) =
{
0 at x < 0,
xj
(
c0 + c1x+ c2x
2 + ...
)
at x ≥ 0.
(6a)
The other edge has a similar velocity field. By repeating
a partial integration j times15 and by noting that u(x, z)
and its derivatives are equal to 0 outside of that eddy,
u˜(kx, z) =
1
2pi
∫ +∞
−∞
u(x, z) exp(−ikxx)dx
=
1
2pi(ik)j
∫ +∞
−∞
u(j)(x, z) exp(−ikxx)dx.
(6b)
The jth derivative u(j)(x, z) has a discontinuity of ∝ c0
at x = 0. Because of the resultant Gibbs phenomenon,
we have
∫ +∞
−∞
u(j)(x, z) exp(−ikxx)dx of O(k
−1
x ). Even if
kx is very high, u˜(kx, z) persists as O(k
−j−1
x ).
There is no wavenumber kx that corresponds to the size
of the above eddy. For such a finite-size eddy, we might
prefer a study in the real space, e.g., based on a two-point
correlation rather than on the energy spectrum.
If wall turbulence is a random superposition of eddies,
any effect of the total thickness δ is through the largest
eddies of a streamwise size of ∝ δ. According to Eq. (6b),
such an effect is persistent at any high wavenumber. This
is in contrast to a condition for the k−1x law of Eq. (1a),
which requires that δ affects low-wavenumber modes but
not the high-wavenumber modes. Actually, the k−1x law
is inconsistent with Eq. (3) and hence with the attached-
eddy hypothesis.14 This is also true for eddies not at-
tached to the wall so far as the streamwise size of any of
them is finite.
The same discussion holds for Fourier modes of finite-
size eddies in the two- or three-dimensional wavenumber
space. We do not expect any law that is to correspond
to the one-dimensional k−1x law.
6B. Fluctuations of the spectral density
The distribution of an instantaneous spectral density
ΦX(m) = Φu(m) or Φw(m) is studied among independent
subsets of data from m = 1 to M . They are assumed to
have been obtained from the same turbulence. We define
ΦX as
∑M
m=1 ΦX(m)/M in the limit M → +∞.
Within the constant-flux sublayer of wall turbulence,
fluctuations of u and w are closely Gaussian.9,10,31,32 We
thereby model the turbulence as a homogeneous Gaus-
sian random field,1,29 where the fluctuations of X = u or
w are exactly Gaussian. The Fourier transforms X˜ are
also Gaussian and are independent of one another. Their
statistics are determined by ΦX alone.
The random field of this type is from the central limit
theorem.1 For example, in the attached-eddy hypothesis,
the eddies are randomly superposed on one another in
space.13 With an increase in their number density, those
fluctuations are increasingly Gaussian.9,14
At any wavenumber kx of the mth subset of such data,
the real and the imaginary parts of the Fourier transform
X˜(m) fluctuate independently in a common zero-mean
Gaussian distribution.29,33 In turn, ΦX(m) ∝ Re[X˜(m)]
2+
Im[X˜(m)]
2 fluctuates in a χ2 distribution with 2 degrees
of freedom, i.e., in an exponential distribution,
P1 (φ) = exp (−φ) for φ =
ΦX(m)
ΦX
≥ 0. (7a)
The probability density P1 is maximal not at φ = 〈φ〉 = 1
but at φ = 0. It leads to 〈(φ−〈φ〉)2〉1/2 = 1. Thus, ΦX(m)
could differ significantly from ΦX . Even if smoothed over
nearby wavenumbers, the difference remains over those
where the Fourier transforms are sparse. As pointed out
in Sec. I, discrepancies are actually found among spectra
obtained from short observations.21–26 Those mimicking
the k−1x law would be an extreme example.
By averaging ΦX(m) over the subsets fromm = 1 toM ,
we obtain an estimate of ΦX . Its fluctuation is described
by a χ2 distribution with 2M degrees of freedom,
PM (φ) =
φM−1e−Mφ
(M − 1)!/MM
for φ =
∑M
m=1ΦX(m)/M
ΦX
≥ 0.
(7b)
While PM is maximal at φ = 1−M
−1 that tends to φ =
〈φ〉 = 1 as M → +∞, we have 〈(φ− 〈φ〉)2〉1/2 =M−1/2.
For the present case of M = 79, the result of M−1/2 =
11% is comparable to magnitudes of noisy fluctuations
of the spectral densities in Fig. 4. They are dominated
certainly by the turbulence itself.
C. Data selection thresholds and spectrum
We have selected our data with use of thresholds in Sec.
III. To confirm that their values are sufficient for the final
result of kxΦu/u
2
∗
in Fig. 4(a), they are independently
strengthened as −25◦ instead of −40◦ and −10◦ instead
FIG. 5. Premultiplied spectrum kxΦu/u
2
∗
as a function of kxz
for (a) 22 subsets of our data at −25◦ ≤ α < −10◦, (b) 34
subsets at |z/L∗| < 0.02, (c) 27 subsets at 〈(β − 〈β〉)
2〉1/2 <
17◦, and (d) 30 subsets at 〈w2〉/u2
∗
< 1.6 out of those used in
Fig. 4. The error bars of ±1σ are also given (gray lines).
of +5◦ for the mean wind direction α in Eq. (4a), 0.02
instead of 0.1 for the significance of the buoyancy |z/L∗|
in Eq. (5a), 17◦ instead of 20◦ for the standard deviation
of the wind direction 〈(β − 〈β〉)2〉1/2 in Eq. (5b), or 1.6
instead of 1.8 for the normalized variance of the vertical
wind velocity 〈w2〉/u2
∗
in Eq. (5c). Here, our data used in
Fig. 4(a) are at 〈(β − 〈β〉)2〉1/2 ≥ 14◦ and at 〈w2〉/u2
∗
≥
1.2. The total number of the subsets M is 22, 34, 27 or
30, respectively, instead of 79.
The resultant spectra are shown in Fig. 5. Although
noisy fluctuations are large because the subset number
M is small (see Sec. VIB), they are not inconsistent with
that in Fig. 4(a).
D. Thickness of the atmospheric boundary layer
The turbulence thickness δ is equated to δ99 in the case
of a laboratory boundary layer. As for δ in the atmo-
spheric boundary layer, there is a controversy. While the
thickness of the surface layer of O(100m) has been used
in some studies,21,22 the total thickness of O(1, 000m)
has been used here and in other studies.23,24,27 We jus-
tify our use of O(1, 000m).
The nearby Aerological Observatory (Sec. III) is a site
for routine launches of radio sondes (Meisei, RS-11G or
iMS-100). With a height resolution of 5 to 10m, a sonde
measures the velocity vsonde and the direction αsonde of
the instantaneous horizontal wind. The pressure and the
temperature are also measured so as to obtain the po-
tential temperature θsonde.
2 Among the 79 subsets of our
data used in Fig. 4, we find 11 subsets within ±30min
of the center time of the sonde observation, 0000 or 1200
UT. These observations are examined here.
The individual profiles of vsonde, αsonde, and θsonde are
shown in Fig. 6. We also indicate the heights correspond-
7ing to our estimates of the total thickness of the boundary
layer, i.e., 0.3u∗/|fC| in Sec. III (circles). Up to each of
these heights of z ≃ 1, 000m, while vsonde tends to in-
crease, αsonde and θsonde tend to remain constant. Such
features are attributable to fully developed turbulence of
a near-neutral boundary layer. Even above z ≃ 1, 000m,
vsonde and αsonde are very variable, since two-dimensional
and long-wavelength motions exist there. At the largest
heights, a west wind is prevailing as is usual in the middle
latitudes.
Thus, between δ99 in a laboratory boundary layer and
the total thickness of O(1, 000m) in the near-neutral at-
mospheric boundary layer, there is an analogy. Although
vsonde tends to exhibit a local maximum at z < 1, 000m
in Fig. 6(a), this is because vsonde reflects both the mean
and the fluctuating velocities.
As for the surface layer with thickness of O(100m), we
have related it to the constant-flux sublayer (Sec. I). This
is in accordance with the meteorology literature.2,23,24,27
Actually in data obtained from a tall tower that had been
located at 200m from our observing field until several
years ago, 〈−uw〉 is almost constant and U is almost
logarithmic up to a height of z ≃ 150m.34
Finally, we note that our estimates δ = 0.3u∗/|fC| are
based on our data of u∗ = 〈−uw〉
1/2. Since they repro-
duce satisfactorily the observations of the total thickness
of the boundary layer in Fig. 6, our data are reliable de-
spite having been obtained under non-optimal conditions
at a single height of z = 1.75m (Sec. II).
VII. CONCLUDING REMARKS
For the constant-flux sublayer of wall turbulence, the
existence or nonexistence of the k−1x law of Eq. (1a) has
been examined observationally. We had continued a field
observation of the atmospheric surface layer over several
months, have selected data with Eq. (5), and have used
them to synthesize the spectral density Φu. The result
of kxΦu in Fig. 4(a) is representative of wall turbulence
at a high Reynolds number of δu∗/ν ≃ 10
7 and with a
large ratio of δ/z ≃ 103. It is not consistent with the k−1x
law of Eq. (1a) and is rather consistent with Eq. (3), a
prediction of the attached-eddy hypothesis.
The underlying assumption for the k−1x law is that low-
wavenumber modes are independent of the distance from
the wall z whereas high-wavenumber modes are indepen-
dent of the total thickness of the turbulence δ.3 Over
the overlapping wavenumbers, there is the k−1x law. This
does not hold if the wall turbulence is a superposition of
finite-size eddies as has been assumed in the attached-
eddy hypothesis.13 For such a case, Eq. (6b) implies that
those high-wavenumber modes are also dependent on the
largest eddies and on their size of ∝ δ.
Since obstacles lie around our observing field (Fig. 2),
we have excluded any data that appear affected by them.
The remaining data are explainable consistently as those
of a boundary layer with total thickness of δ ≃ 1, 000m
FIG. 6. Profiles of (a) vsonde, (b) αsonde, and (c) θsonde as a
function of z for 11 subsets of our data out of those used in Fig.
4. The circles indicate the heights corresponding to estimates
of the total thickness of the boundary layer, 0.3u∗/|fC|.
(Figs. 3 and 6), i.e., a typical case in the near-neutral at-
mosphere. It is still crucial to confirm our result with ob-
servational data obtained under optimal conditions like
those at dry lake beds.21,22,27 Subsets of the data have to
be as many as ours, according to Eq. (7b) that describes
statistical convergence of the spectral density.
The logarithmic law of a variance appears to exist also
for fluctuations of the pressure35 and of the concentration
of a passive scalar.12 To study their energy spectra at a
large ratio of δ/z, a field observation would be useful as
in our study of kxΦu.
The k−1x law for Eq. (1a) as well as the attached eddy
for Eq. (3) are no more than approximate models and are
not to capture each feature of the turbulence. In particu-
lar, wall turbulence is known to contain very large struc-
tures with streamwise lengths that are at least a few times
of its total thickness δ.36 They are made of substructures
that appear attached to the wall. We might have to con-
sider, e.g., alignment of the attached eddies up to a length
of ∝ δ.36 Nevertheless, those structures are meandering.
The one-dimensional Fourier modes are likely to be dom-
inated not by the structures themselves but by their sub-
structures. Actually in Fig. 4(a), the peak of kxΦu lies
at kx > 2pi/δ so far as δ is O(1, 000m). The wavenumber
of 2pi/δ is rather close to that for the known minimum of
kxΦu.
23 Thus, before considering the details, it is impor-
tant to establish which of the k−1x law,
3–5 the attached
eddy,13,14 or some other model is most suited to approx-
imating the constant-flux sublayer of wall turbulence at
high Reynolds numbers.
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